We examine the one-loop partition function describing the fluctuations of the superstring in a Schwarzschild-AdS 5 × S 5 background. On the bosonic side, we demonstrate the one-loop equivalence of the Nambu-Goto action and the Polyakov action for a general worldsheet, while on the fermionic side, we consider the reduction of the ten-dimensional Green-Schwarz fermion action to a two-dimensional worldsheet action. We derive the partition functions of the worldsheets corresponding to both straight and parallel Wilson lines. We discuss the cancellation of the UV divergences of the functional determinants in the thermal AdS background.
I. INTRODUCTION
AdS/CFT duality [1, 2, 3] opens a new avenue towards a qualitative or even semiquantitative approach to exploring the strong interaction regime of some quantum field theories. Based on the isomorphism between the conformal group in four dimensions and the isometry group of AdS 5 , the most familiar example of AdS/CFT is the duality between string theory formulated on AdS 5 ×S 5 and N = 4 supersymmetric Yang-Mills theory (SYM)
on the boundary. Working in a Poincaré patch of AdS 5 of radius L, we may take the metric
with boundary at z = 0. The N = 4 supersymmetry is required to ensure conformal invariance at the quantum level, and the isometry group of S 5 corresponds to the global SU(4) R-symmetry of the SYM theory. In particular, a weakly coupled string theory at large AdS radius is dual to N = 4 SYM at large number of colors, N c , and large 't Hooft
In spite of the differences between N = 4 SYM and QCD, AdS/CFT has been successfully applied to the understanding of a wide spectrum of phenomenology of the quark gluon plasma (QGP) created by heavy ion collisions. A nonzero temperature T of the quantum field theory on the boundary may be implemented by introducing a Schwarzschild black hole in the AdS bulk. This renders the metric to be
where
h with z h = 1/(πT ). Among the salient results in this regard are the equation of state [4] , the shear viscosity [5] and the energy loss of quarks [6, 7] to the leading order in large λ, extracted from stress tensor correlators or from Wilson loops. The best agreement between the predictions of AdS/CFT and the observations are achieved in the range 5.5 < λ < 6π,
of the 't Hooft coupling, providing evidence for a strongly coupled QGP.
While the above results were originally derived at infinite 't Hooft coupling, it is important to examine the finite coupling corrections in order to assess the robustness of the leading order results. One source of such corrections comes from the α ′ expansion of the low energy effective string theory. In the present maximally supersymmetric case, the first correction terms enter at the α ′3 level, corresponding to O(λ −3/2 ) relative to the leading order in the N = 4 SYM theory. This correction has been calculated for the equation of state [8, 9] , the shear viscosity [10, 11] , the jet quenching parameter [12] and for the drag force [13] . In case of the Wilson loops, however, there is another source of corrections, namely the quantum fluctuations of the string world sheet which contribute a term of O(λ −1/2 ). In the case of jet quenching and the drag force, this formally dominates over the O(λ −3/2 ) corrections of [12, 13] computed from the α ′3 modified supergravity background.
The expectation value of a Wilson loop operator in QCD is an important quantity that probes the confinement mechanism in the hadronic phase and meson melting and energy loss in the plasma phase. In the case of N = 4 SYM, the theory is non-confining, and we are thus only concerned with the plasma phase. Following the AdS/CFT dictionary, the Wilson loop expectation value is dual to the path integral of a first-quantized superstring worldsheet in the AdS 5 × S 5 bulk spanned by the loop on the boundary [14, 15] . In particular
where A µ is the gauge potential, S[X, θ] is the superstring action with bosonic (fermionic) coordinates X's (θ's) and the symbol P indicates path ordering. The strong coupling expansion of the SYM Wilson loop corresponds to the semi-classical expansion of the string theory action, where the inverse string tension α ′ is related to the 't Hooft coupling λ through (2).
We have, apart from an additive constant, AdS 5 × S 5 background have been discussed extensively in [16] and [17] , and fluctuations in a Schwarzschild-AdS background were considered in [18] and [19] . In this work, we complete the analysis of the one-loop string partition function in the Schwarzschild-AdS background using a systematic treatment of both bosonic and fermionic worldsheet fluctuations along the lines of [16, 17] . On the gauge theory side, these results allow for a systematic treatment of the Wilson loop at a nonzero temperature.
In order to properly treat the string worldsheet in a Ramond-Ramond background, we use the Green-Schwarz action for S[X, θ] of (5). The Green-Schwarz action was originally formulated in a ten-dimensional Minkowski background in [20, 21] and subsequently generalized to the full IIB supergravity background in [22] using superspace techniques. While formally elegant, this IIB superspace formulated action is not so practical to work with.
Instead, a complementary approach to constructing the full Green-Schwarz action in an AdS 5 × S 5 background was taken in [23] using supercoset methods based on the symmetries of the background. Even in this background, the action is rather complicated, although simplifications may be obtained after gauge fixing the κ-symmetry [24, 25, 26] .
Since we are interested in a Schwarzschild-AdS background, the construction of [23] is not directly applicable. However, all that is needed for obtaining the one-loop partition function is the form of the Green-Schwarz action up to quadratic order in the fermions. This was obtained in component form in [27] by dimensionally reducing and T-dualizing the elevendimensional supermembrane action. At quadratic order, the action is a straightforward generalization of [20, 21] , using the pullback of the IIB supercovariant derivative in place of the ordinary covariant derivative. Furthermore, it is valid in any background satisfying the IIB equations of motion. Although the black hole background will break the supersymmetry, the κ symmetry still holds trivially to quadratic order (and is expected to hold to all orders) in the fermions.
For the simple Wilson loops considered in this paper, a straight line and a pair of parallel lines, the gauge fixed ten-dimensional Green-Schwarz fermion action reduces to a sum of worldsheet fermionic actions of an equal mass that depends only on the worldsheet curvature.
The masses of the bosonic fluctuations, on the other hand, receive nontrivial contributions from the Weyl tensor of the non-extremal metric (3). However they do not add any new UV divergences. Upon computing the first quantum correction to the path integral, the partition function consists of a set of 1 × 1 functional determinants which may be evaluated by the recently suggested method of [28] .
This paper is organized as follows. In the next section, we examine the relation between the fluctuations of the Nambu-Goto action and the Polyakov action for a general worldsheet, and show that they are equivalent at the one-loop level. We furthermore reduce the ten- A, and we give our fermion conventions in Appendix B.
Our notation largely follows that of [17] . Without a special declaration, Latin letters with hats,â,b,ĉ, . . ., labels the 10 Lorentz components of the target space metric, while
Latin letters without hats, a, b, c, . . ., pertain to the AdS 5 sector only. The Greek letters, µ, ν, ρ, λ, . . ., label the 10 dimensional curved-space coordinates. On the string worldsheet, the Latin letters i, j, k, l, . . ., label the curved-space coordinates, while the Greek letters, α, β, . . ., stand for Lorentz indexes.
II. GENERAL FORMULATION
A careful study of the one-loop partition function of the Green-Schwarz superstring in AdS 5 × S 5 was done by Drukker, Gross and Tseytlin in [17] . The basic procedure is to start with a classical string configuration, and then to develop the quadratic fluctuations about this classical worldsheet configuration. At this order, the bosonic and fermionic fluctuations decouple, and hence can be considered separately.
A. Bosonic contribution
The bosonic part of the string action describes the embedding X µ (σ i ) of a two-dimensional worldsheet (parameterized by σ i with i = 0, 1) into D-dimensional curved spacetime endowed with a metric
This embedding may be accomplished by either the Nambu-Goto or the Polyakov action.
The Nambu-Goto action is given by
where g is the determinant of the induced metric
In this case, the action principle directly corresponds to the extremization of the worldsheet volume, and is a straightforward generalization of the relativistic particle action.
The Nambu-Goto action is nonlinear and often difficult to work with because of the presence of the square root. For this reason, the approach of the Polyakov action is often preferred. This action is given by
where this time the worldsheet metric g ij (σ k ) is taken to be independent of X µ . It is well known that the Nambu-Goto and Polyakov actions are equivalent at the tree-level. To see this, one notes that the classical equation of motion for g ij obtained from S P gives a result which is conformally equivalent to the induced metric (9). Substituting this back in then reproduces the Nambu-Goto action, (8) .
It is generally expected that the classical equivalence of (8) and (10) will be maintained at the quantum level, although actually proving this equivalence does not appear to be straightforward. One-loop equivalence of the actions for a Minkowski target space was demonstrated [29] . Furthermore, both forms of the action were considered in [17] when computing the bosonic fluctuations of the superstring in a curved target space. For nontrivial string configurations, the results (when written in terms of bosonic determinants) do not appear manifestly identical, and hence equivalence of the actions implies the existence of hidden relations among the determinants.
Here we revisit the quadratic bosonic fluctuations considered in [17] and in addition demonstrate the equivalence of the Nambu-Goto and Polyakov actions at the one-loop order.
We begin with the Nambu-Goto action (8) and first consider the background worldsheetconfiguration. This is given byX µ (σ), which satisfies the classical equation of motion
where η µ i ≡ ∂X µ /∂σ i is both a target space vector and a worldsheet vector. Its covariant derivative takes the form
with Γ µ ρλ the Christoffel connection of the target space and γ k ij that of the worldsheet . The background worldsheet metric readsḡ
and the classical value of the action is simply the area of the minimal surface described bȳ
We now consider the fluctuations X µ =X µ + δX µ about the classical background. In order to do so, we expand the Nambu-Goto action, (8) , to the quadratic order in δX µ .
where δ 1 g ij and δ 2 g ij denote terms linear and quadratic in δX µ , respectively
Introducing the target space D-beins G µν = E a µ E b ν η ab allows us to define target space tangent coordinates ζ a = E a µ δX µ . In this case, the above fluctuations may be re-expressed as
It follows that, to quadratic order in δX µ , the Nambu-Goto action becomes
Note that, at this quadratic order, we may symbolically write
where A and A ′ are D × D matrices of functional operators.
We now decompose the fluctuation δX µ into longitudinal and transverse components, δ l X µ and δ tr X µ , respectively, according to
Here ǫ k is a worldsheet vector specifying the two independent longitudinal fluctuations. It follows from (16) that a longitudinal fluctuation generates a world sheet diffeomorphism
and hence is a zero mode of the fluctuation action (18) and ( 
so that
with Having examined the Nambu-Goto form of the string action, we now turn to the Polyakov action, (10) . In this case, the solution to the equations of motion gives rise to the same worldsheet embedding profileX µ and, up to a conformal factor, the same induced metric g ij . In conformal gauge, where the fluctuation of g ij is restricted to δg ij ∝ḡ ij , the expansion of the Polyakov action to quadratic order in δX µ yields
where I was given previously in (19) . At this point, we note that the quadratic fluctuations of the Nambu-Goto and Polyakov actions differ in that S NG contains the additional J given in (19) . On the other hand, gauge fixing the Polyakov action gives rise to a Fadeev-Popov ghost determinant, which is not present in the above treatment of the Nambu-Goto action.
In order to demonstrate the equivalence of these two formulations, we must show that evaluation of this ghost determinant gives the same result as the addition of the J term in
Accounting for the ghosts, the partition function for bosonic fluctuations in the Polyakov action is given by the path integral
where the 2 × 2 ghost operator is
Here ∇ j is the covariant derivative acting on a worldsheet Lorentz vector and R (2) is the worldsheet scalar curvature. Note that we have dropped the path integral over the conformal factor, which only decouples in the critical dimension.
For simple embeddings, such as the minimal surface corresponding to a straight Wilson line or that of a circular Wilson loop on the AdS 5 boundary, explicit computations indicate that the bosonic determinant factorizes according to
This, however, is not obvious with more complicated embeddings, such as the worldsheet generated by parallel lines on the boundary. In the rest of this subsection, we give an explicit demonstration that this is the case in general. Moreover, we note that this factorization does not require a simple relationship among the eigenvalues of A, A tr. and A gh. .
To begin with, we note that J, given in (19) , depends only on the traceless part of δ 1 g ij .
In other words,
where h ij is the traceless part of δ 1 g ij , given by
Decomposing δ 1 g ij into longitudinal and transverse components
allows us to write
where h tr ij are both transverse and traceless. While there are D − 2 transverse components ζ a tr , we note that there are only two independent components of h tr ij . In this case, we may find a worldsheet vector χ k that satisfies
The formal solution may be expressed as
where B is a nonlocal linear operator representing the inversion of (34). We thus end up
Following the definition of (19), the above expression for J implies that the matrix operator A ′ has the form
By adding (25) and (37), we may obtain an expression for A
As a result, the factorization (29) follows, and we are left with the bosonic partition function
This result is independent of whether the Nambu-Goto or the Polyakov action was taken as the starting point of the computation. Finally, we note that the nonlocal operator B vanishes for the long string and circular loop configurations. This is the reason why the factorization (29) was already manifest for such simple embeddings. However the operator B may be highly nontrivial for generic string configurations. In such cases, we often find it more convenient to work with the Nambu-Goto action, where we do not have to concern ourselves with the added complication of gauge fixing and ghosts.
B. Fermionic contribution
For the bosonic fluctuations, we have shown above that the equivalence of working with the Nambu-Goto and Polyakov actions holds for arbitrary target spacetimes. We note,
however, that because of the UV divergence, the path integral over the conformal factor only decouples in the critical dimension. This is not a concern for us since our primary interest is to consider the superstring in the critical dimension, and in particular in a Schwarzschild
To calculate the fermionic contribution to the one-loop partition function, we work with the Green-Schwarz action up to quadratic order in the fermions. Turning on only a background metric and 5-form field strength, the quadratic action takes the form [27]
where the fermionic coordinates θ I (I = 1, 2) are 16 component positive chirality MajoranaWeyl spinors. We have also introduced the worldsheet projection tensors
and the pullback of the IIB supercovariant derivative
Our notation follows that of [17, 23] , and is detailed in Appendix B.
The S 5 reduction of the IIB theory is given by
and leads to a natural 5 + 5 split of spacetime. This motivates a split of the ten-dimensional Dirac matrices into two sets of commuting 16 × 16 Dirac matrices, γ a and γ a ′ , satisfy the relations
where a, b are local Lorentz indexes on AdS 5 , and a ′ , b ′ that on S 5 . We now introduce worldsheet pullbacks of the Dirac matrices
It follows from (45) thatρ
where, as we recall,ḡ ij is the background worldsheet metric.
Making this 5 + 5 split explicit, we find that the action (40) takes the form
where the Majorana condition isθ
Here C is the 4 × 4 charge conjugation matrix (see Appendix B) and is a worldsheet scalar.
The covariant derivative is given by
with Ω ab µ and Ω a ′ b ′ µ the spin connections of the target spacetime. Note that, to quadratic order in the fermions, this action has the same functional form as that obtained in [23] in the vacuum AdS 5 × S 5 background. Of course, the full Green-Schwarz action in a non-trivial background is rather complicated, and it is not at all clear whether the higher order in fermion terms would continue to match up. One way to address this question may be to return to the IIB superspace formulation of the Green-Schwarz action in [22] . However, for the present work it is sufficient to note that the quadratic action (40) with the supercovariant derivative given by (42) is valid in an arbitrary 5-form background.
To proceed, we note that the fermionic action (48) is invariant under the κ-transformation
where κ Ij is a local spacetime spinor and a worldsheet vector satisfying the duality relations
This can be verified with the aid of (47) and (49) and the properties of the projection tensors
We now fix the κ-symmetry by choosing the gauge θ 1 = θ 2 ≡ θ. The action (48) then reduces to
We furthermore consider only string worldsheets that are embedded in Schwarzschild AdS 5
(and which are localized on a point in S 5 ). In this case, the worldsheet Dirac matrices reduce
As is natural in the Green-Schwarz formulation, the action (55) is for spacetime fermions θ. To reduce this to an action for worldsheet fermions, we employ a local rotation to line up the first two fünfbeins along the worldsheet directions
with α = 0, 1 and p = 2, 3, 4. In this casē
In what follows, we shall use Greek letters α, β for the first two Lorentz indexes, and Latin letters p, q, r, s for the remaining three. Introducing the worldsheet projection of the target
, it is straightforward to verify that
where ω αβ j is the ordinary worldsheet spin connection. Furthermore, we have ρ j = e α j γ α , and the Dirac operator may be rewritten as
Here
and the additional terms D 1 and D 2 of (60) are given by
In general, the D 1 and D 2 terms could be nontrivial. However, for the class of minimal surfaces that we are interested in, the spin connections satisfy
as well as the symmetry property Under the simplification D 1 = D 2 = 0, the fermionic action reduces to
We now take the representation where γ 0 = −iσ 1 × I 8 and γ 1 = σ 2 × I 8 (with σ 1 and σ 2 being the ordinary Pauli matrices). Decomposing the 16 × 1 Majorana spinor θ into eight 2 × 1 real spinors ψ n , we finally obtain the worldsheet fermion action
where τ 0 = iσ 1 , τ 1 = σ 2 and the worldsheet covariant derivative iŝ
The fermionic path integral then gives
where A F is the 2 × 2 operator
with
Combining the bosonic and fermionic contributions (39) and (68), we now obtain the complete one-loop partition function
In the next two sections, we will examine this partition function for the cases of the long string and parallel lines Wilson loops. Before proceeding, however, we note that for a general embedding, the conditions (63) and (64) may not be satisfied. An example where Ω pq j = 0 is given by the light-like parallel lines configuration underlying the AdS/CFT dual calculation of the jet-quenching parameter measured at RHIC. In such cases, we would end up with a fermionic action of the form
III. A LONG STRING
In this section, we evaluate the first quantum correction to the long string solution in a Schwarzschild-AdS 5 background. To be concrete, we take the spacetime metric to be given by
where The Riemann tensor in the AdS 5 sector may be written as
where the nonzero components of the Weyl tensor are (up to symmetries)
Here i, j, k, l labels the coordinates X 1 , X 2 and X 3 , while X 0 = t and X 4 = z.
When computing both bosonic and fermionic fluctuations, we introduce the natural fünfbeins of the spacetime metric (73)
Since the worldsheet configurations that we are interested in reside at a single point in S 5 , we shall describe the fluctuations in S 5 in terms of the cartesian coordinates of the R 5 tangent space to this point. These coordinates will be labeled by the letter s with s = 5, 6, 7, 8, 9, and the corresponding fünfbeins E s µ correspond to those of a unit radius S 5 (corresponding to our setting the AdS 5 radius to unity). Corresponding to this choice of fünfbeins, the nontrivial components of the spacetime spin connection in the AdS 5 sector are
with f is given in (74). The spin connection in the S 5 sector vanishes.
A. The classical solution
The long straight string corresponds to a worldsheet oriented along the time and radial (z) directions. It is a trivial solution of the classical equation of motion (11) . In static gauge, we takeX µ (τ, σ) = (τ, 0, 0, 0, σ; 0, 0, 0, 0, 0).
The induced worldsheet metric is given simply by the t and z components of (73)
h , and the corresponding worldsheet curvature scalar is 
This gives
where˙= ∂/∂τ and ′ = ∂/∂σ. Substituting this into the Nambu-Goto action and expanding to the second order, we obtain (25), which governs the bosonic fluctuations, takes the form
We may obtain the vacuum AdS solution by taking the limit z h → ∞. In this case, R (2) → −2, and this reproduces the result of [17] for the BPS configuration of the long straight string in AdS.
C. Fermionic fluctuations
Turning to the fermionic sector, since the worldsheet is oriented along the 0 and 4 directions, the pullback of the fünfbeins (77) to the worldsheet according to (57) gives the
In addition, (59) yields the worldsheet spin connection
where Ω 04 t is given by (78) with z replaced by σ. It follows from (51) that
where∇ i is the worldsheet covariant derivative acting on spinors. In other words, the additional D 1 and D 2 terms of (60) are absent, and the fermionic operator is given simply by A F of (69).
Finally, substituting the bosonic (86) and fermionic (69) operators into (71), we obtain the one-loop partition function for the long straight string in a Schwarzschild-AdS 5 background
where we have factorized the fermionic determinant into its two diagonal (chiral) compo-
withḡ ij given by (80) and ω αβ j by (88).
IV. THE PARALLEL LINES WILSON LOOP
The long straight string considered in the previous section corresponds to the minimal surface extending from a single static quark into the bulk of AdS 5 . The standard AdS/CFT computation of the quark-quark potential involves a 'parallel lines' Wilson loop where a string worldsheet is stretched between two quarks on the AdS boundary. In this section,
we begin with an overview of the classical solution, and then turn to the first quantum corrections.
A. The classical solution
For the parallel lines Wilson loop, we choose the quarks to be separated in the X 1 direction in the spacetime metric of (73). The string minimal surface then stretches in the time direction and forms a curve in the X 1 -z plane. We choose the gaugē
where z(σ), which specifies the string profile, may be determined by the classical equation of motion (11) . To calculate the induced metric, we note that
Using (73) for the spacetime metric, we find
The Nambu-Goto action then takes the form
where T is the time period.
The equation of motion for z(σ) following from the above action is
Although this equation is rather non-trivial, it admits a first integral
Here z 0 is the maximum value of z reached by the minimal surface. This corresponds to the value of z where the string makes its closest approach to the horizon. We have also defined
h . This allows us to write the on-shell induced metric as
where we ought to keep in mind that z(σ) is a solution to the first order equation (98) = 0. The curvature scalar for this induced metric reads
B. Bosonic fluctuations
To compute the bosonic fluctuations about the classical solution, we introduce the fluctuation coordinates
and their tangent space projections ζâ = Eâ µ ξ µ . While the string is oriented along the 0, 1 and 4 directions in the tangent space defined by the fünfbeins (77), a simple rotation in the
with tan φ = z ′ / √ f, allows us to align the longitudinal worldsheet directions with the 0 and 1 directions in the modified fünfbeins basis defined by Eâ µ . In particular, it follows that
are the tangent vectors on the worldsheet . Therefore a longitudinal fluctuation takes the
and is a zero mode of the quadratic action of the fluctuations as is shown in the appendix A. A transverse fluctuation reads
and represent a physical degree of freedom. Without losing generality, we choose the static gauge by taking the superposition of (106) and (105),
This amounts to setting ζ 0 = 0 and ζ 1 = ζ 4 tan φ and the amount of computation is reduced.
Including the fluctuations parameterized this way, the classical embedding profile (92) is modified to
In order to evaluate the Nambu-Goto action to second order in the fluctuations, we must keep in mind that the X 4 coordinate is now X 4 = z + ξ 4 . This means that the metric function f (X 4 ) ought to be expanded as
where for simplicity f always denotes the function f (z) given by (74) unless f (X 4 ) is indicated explicitly. Expanding |g| to quadratic order in the small fluctuations is tedious but straightforward. The result is
The a index corresponds to the 2 and 3 directions, while the s index denotes tangent-space indices on S 5 .
After an integration by parts, the linear term in ξ 4 gives the equation of motion (96).
The quadratic terms are the ones that we are interested in. Upon substitution of (108) and integration by parts for the terms containing ξ a ξ a′ or ξ 4 ξ 4′ , we end up with which also holds for the long straight string configuration of the previous section. Finally, this mass spectrum allows us to write the bosonic fluctuation operator A tr as
Comparing this with the general expansion (60), we find that D 2 = 0 and that the quantity 
where ∇ ± is give by the same expression as (91) but withḡ ij referring to the metric (99) and ω αβ j to the spin connection (120). Laplacian with a mass term. The same method applies to a circular Wilson loop which we did not address in this paper. Several issues remain to be addressed, however, before these determinants may be evaluated.
There are two types of divergences associated to the Wilson loop analysis. One is the UV divergence of the string σ-model underlying the determinants in the partition function and the other is caused by placing the physical 3-brane at the AdS boundary. (The latter is already present at the classical level.) To address the first one, we regularize the determinants with a heat kernel expansion, while the second one is regularized by pulling the 3-brane slightly off the AdS boundary. Using the heat kernel expansion, we write
where O is the operator A tr of (39) or the square of the operator A F of (48) and ǫ is a cutoff parameter with dimensions of length squared. We have [17, 30] 
for Dirichlet or Neumann boundary conditions, where W denotes the string worldsheet , M corresponds to the mass term of O and a, b and c are numerical constants. The Euler character of the worldsheet is given by
where ∂W is the boundary of the string worldsheet, s is the proper length along ∂W and K is the geodesic curvature of ∂W .
The cancellation of the UV divergence of (127) for vacuum AdS 5 × S 5 with a general embedding was discussed in [17] , and the results can be readily carried over to the Schwarzschild-AdS 5 × S 5 case. The 1/ǫ term cancels between the bosonic and fermionic determinants in the partition function. The logarithmically divergent term proportional to the Euler character cancels in the critical dimension D = 10 independent of the details of the target space. Finally, the cancellation of the logarithmic divergence associated to the mass term requires the target space to satisfy the IIB Einstein equation of motion,
which is the case for Schwarzschild-AdS 5 × S 5 . The only temperature effect, the nonzero Weyl tensor, does not contribute the Ricci tensor. Take the parallel lines Wilson loop as an example: the contribution of the δ terms from each determinant in the denominator of (125) to the ln ǫ term cancels in the product following the sum rule (117).
Turning to the reduced partition functions (90) and (125), one has to keep in mind a subtlety pointed out in [17] . The logarithmic divergence of the fermionic determinant proportional to the Euler character is one quarter of that extracted from the fermion action (55) before transforming the ten-dimensional Majorana-Weyl spinor θ into worldsheet Majorana spinors because of the singularity of the transformation. However, this will not have an impact on the ratio of two determinants with identical worldsheet topology. For example, the finite temperature correction to the heavy quark potential, ∆V is given by the ratio of the fluctuation determinant with a black hole to that without a black hole, and can be evaluated unambiguously within the framework of (125). In particular, we have
where we have factorized the partition function into components of different Matsubara frequencies through the substitutions of
→ −ω n ≡ −2inπT for bosons and
πT for fermions. Using the Poisson formula
we find that
where in the last step, we have deformed the integration contour of the second term on the RHS to wrap around the positive real axis along which the singularities of ln Z bs (ω) and ln Z fm (ω) reside. Only the first integral carries the logarithmic divergence, which is cancelled by subtracting the heavy quark potential at zero temperature, T = 0,
The difference V − V 0 may suffer from the second type of divergence mentioned at the beginning of this section, i.e. the divergence when the 3-brane is pushed back to the AdS boundary. This divergence should be cancelled by subtracting the contributions from two straight strings, as in the classical limit. The details of the cancellation remains to be examined carefully before the correction to the screening length can be extracted.
Despite the simpler partition function of a straight string, the evaluation of the partition function is actually more challenging in this case. Consider the ratio of the partition function, Z/Z 0 with Z given by (90) and Z 0 its counterpart in the absence of the black hole.
Although both world sheets of Z and Z 0 share the same boundary on the AdS boundary, their extensions to the AdS bulk are quite different; one terminates at the Schwarzschild horizon and the other at the AdS horizon. The boundary condition at the Schwarzschild horizon has to be examined carefully to guarantee the divergence free condition of the ratio.
Once the ratio is made cutoff independent, dimensional arguments suggest that Z/Z 0 = 1.
Since Z 0 = 1 [17] , this would imply that Z = 1 as well. This is, however, not at all obvious, since the spectral equations of the operators −∇ 2 + 8 3
highly nontrivial in the presence of a black hole. We hope to be able to report our progress in this direction in the near future.
In the case of more complicated embeddings, such as the worldsheet of boosted parallel
Wilson lines, the Schwarzschild-AdS 5 × S 5 metric in the rest frame of the corresponding heavy quarks acquires cross terms and the operators underlying the functional determinant may no longer be reduced to 1 × 1 structures. This also covers the case of light-like parallel
Wilson lines that gives rise to the jet quenching parameter from AdS/CFT duality [7] .
Also, in the latter case, the string worldsheet becomes space-like with respect to real time, In this appendix, we present the details of the proof that a longitudinal fluctuation is a zero mode of the Nambu-Goto action. The mode equation with an eigenvalue E reads
where K 1 and K 2 arise from the variation of I and J of (19), respectively. Explicitly,
where we have suppressed the overlines on the induced metric. For a longitudinal fluctuation
which generates a worldsheet diffeomorphism
we find
Here we have used the symmetry
and the equation of motion (11) . It follows from the commutation relation
that
The term K 2µ is simplified similarly. We have
Finally, by adding (A8) and (A9) together, we end up with
and hence the longitudinal fluctuation is indeed a zero mode.
APPENDIX B
Here we review our spinor conventions. Following [17, 23] , we use the letters a, b, c, . . . 
where the 4 × 4 gamma matrices γ a and γ a ′ satisfy the anticommutation relations 
where the superscriptsâ andb label all ten dimensions. The charge conjugation matrix
where C, the four-dimensional charge conjugation matrix, satisfies the conditionsC = −C,
The ten-dimensional analog of γ 5 is
A Weyl spinor is an eigenstate of Γ 11 :
and the Majorana condition readsΨ =ΨC, 
where ψ is a 16 component spinor. For two such spinors, Ψ and Ψ ′ , we havē
where γ a and γ a ′ designate the 16 × 16 matrices γ a × I 4 and I 4 × γ a ′ . This 16-component formulation is adopted in this paper. In terms of a 16 component spinor ψ, the Majorana condition (B7) readsψ =ψC × C,
whereψ = ψ † γ 0 .
